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The cosmological birefringence caused by the coupling between the cosmic scalar field and the
cosmic microwave background (CMB) photons through the Chern-Simons term can rotate the po-
larization planes of the photons, and mix the CMB E-mode and B-mode polarizations. The rotation
angle induced by the dynamical scalar field can be separated into the isotropic background part and
the anisotropic fluctuations. The effect of the background part has been be studied in the previous
work (Zhao & Li, arXiv:1402.4324). In this paper, we focus on the influence of the anisotropies of
the rotation angle. We first assume that the cosmic scalar field is massless, consistent with other
works, we find that the rotation spectrum can be quite large, which may be detected by the potential
CMB observations. However, if the scalar field is identified as the quintessence field, by detailed
discussing both the entropy and adiabatic perturbation modes for the first time, we find that the
anisotropies of the rotation angle are always too small to be detectable. In addition, as the main
goal of this paper, we investigate the effect of rotated polarization power spectrum on the detection
of relic gravitational waves. we find that, the rotated B-mode polarization could be fairly large, and
comparable with those generated by the gravitational waves. This forms a new contamination for
the detection of relic gravitational waves in the CMB. In particular, we also propose the method to
reconstruct and subtract the rotated B-mode polarization, by which the residuals become negligible
for the gravitational-wave detection.
PACS numbers: 98.80.Es, 98.80.Cq, 98.70.Vc
I. INTRODUCTION
Inflation is the most popular scenario of the extremely early Universe [1]. In addition to elegantly solve the
flatness puzzle, the horizons puzzle and the monopoles puzzle in the hot bag-bang universe, inflationary models
predict the primordial scalar and tensor fluctuations with the nearly scale-invariant power spectra [2]. The scalar
perturbations seeded the large-scale structure, which is highly consistent with the current observations on temperature
and polarization anisotropies of the cosmic microwave background (CMB) radiation [3, 4] and the distributions of
the galaxies in various large-scale structure observations. The primordial tensor perturbations, i.e., relic gravitational
waves, encoded all the evolution information of the Universe [5]. The amplitude corresponds to the energy scale
of inflation, and the spectral index reflects the evolution of scale factor in the inflation stage. So, the detection of
relic gravitational waves is always treated as the smoking-gun evidence of the inflation, which mainly depends on the
observation of the CMB polarization, in particular the so-called B-mode polarization [6]. The current observations,
including those of WMAP and Planck missions, are yet to detect a definite signal of relic gravitational waves. However,
the recent observations of BICEP1, SPTPOL and POLARBEAR telescopes have given some interesting results for the
B-mode polarizations [7–9], which encourage us to put the gravitational-wave detection through the CMB polarizations
as a highest priority task for the next generations of CMB experiments [10].
The CMB B-mode polarization is contaminated by many sources, including the instrumental noises, various fore-
ground emissions, the E-B mixture due to the partial sky observations, the leakage of E-mode polarizations caused
by the cosmic weak lensing, as well as the cosmic birefringence. It is well known that the cosmic birefringence can
be caused by the possible interaction between the photons and the cosmic scalar field ϕ in the Universe [11, 12]. The
birefringence induces rotation of the polarization plane of CMB, and converts E-mode and B-mode polarization, which
forms a new contamination for the gravitational-wave detection. Recently, numerous attentions have been attracted
to study this effect from both theoretical and observational sides [13, 14].
The cosmic scalar field may or may not be identified as the quintessence dark energy. In the previous works [15–19],
the main attentions have been payed to the case, where the scalar field is massless. Consistent with these works,
we find that, although the background rotation angle is absent in this case, the spatial fluctuations could be quite
large, and could be well detected by the potential observations of Planck satellite, CMBPol mission or some other
experiments. In this paper, we also consider the case where the scalar field is identified with the quintessence dark
energy, and the background rotation angle can be large. For the first time, we detailed discuss both the entropy and
the adiabatic perturbation modes, and find that the fluctuations in this case are always very small, and beyond the
2future detection abilities.
As the main task of this paper, we focus on the influence of the cosmological birefringence on the detection of relic
gravitational waves. For the former case, where the cosmic scalar field is massless, we investigate in detail the rotated
B-mode polarization, and find they can be fairly large and comparable with (or even larger than) those caused by
relic gravitational waves or cosmic weak lensing. So, it is important to reduce it in the future gravitational-wave
detections. By utilizing the statistical properties of the reconstructed rotation angle coefficients αℓm and those of
the E-mode coefficients Eℓm, we propose the method to reconstruct the rotated B-mode polarization. We find that
the rotated polarization can be reconstructed and removed at the very high level, if considering the noise levels of
CMBPol mission or the better experiments, which become completely negligible for the detection of relic gravitational
waves in the CMB.
The outline of this paper is as follows. In Sec. II, we briefly introduce the cosmological birefringence and focus
on the rotation angle fluctuations. In Sec. III, we discuss the fluctuations of the rotation angle in both the massless
scalar field and the quintessence field models. In Sec. IV, we investigate the possible detection of the fluctuations of
the rotation angle by the potential CMB observations. In Sec. V, we discuss the reconstruction and subtraction of
the rotated B-mode polarization, and their effect on the gravitational-wave detection. Sec. VI summarizes the main
results of this paper.
II. ANISOTROPIES OF ROTATION ANGLE
The cosmological birefringence can be caused by the coupling of CMB photons to a cosmic scalar field ϕ through
the Chern-Simons term. Let us consider the theory with the following Lagrangian [15, 19],
L = −1
2
(∂µϕ)(∂
µϕ)− V (ϕ)− 1
4
FµνFµν − βϕ
2M
Fµν F˜
µν , (1)
where F˜µν = ǫµνρσFρσ/2 is the dual of the electromagnetic tensor, ǫ
µνρσ is the Levi-Civita tensor, M is a mass
scale for the effective field theory, and β is the dimensionless coupling. The last Chern-Simons term violates the
CPT symmetry if the scalar field ϕ develops a background. It introduces a modification of Maxwell’s equations
that results in different dispersion relations for left and right-circularly polarized photons. Consequently, linearly-
polarized electromagnetic waves that propagate over cosmological distances undergo cosmological birefringence, a
frequency-independent rotation of the plane of polarization by an angle α. The value of rotation angle is calculated
by [11, 15]
α =
β
M
∆ϕ, (2)
where ∆ϕ is the change in ϕ over the photon’s trajectory. For the CMB, the polarization rotation is determined by
the change in ϕ since the decoupling time.
Since ϕ is a dynamical field, it must have spatial fluctuations. This leads to a direction-dependent rotation angle
in (2). As we have usually done in the cosmological perturbation theory, the scalar field can be separated into
the homogeneous background part and the inhomogeneous fluctuations which are treated to be small in the linear
perturbation theory. Hence the rotation angle led by the scalar field can be also separated into the isotropic background
part and the anisotropic fluctuations, which are considered to be randomly distributed on the sky [15]:
α = α¯+ δα, (3)
where
α¯ =
β
M
(ϕ¯(τ0)− ϕ¯(τdec)), (4)
δα(nˆ) = − β
M
δϕ(~xdec, τdec). (5)
In the above equations, τ0 denotes the present conformal time, and τdec is the conformal time at the matter-radiation
decoupling. The effect of the isotropic rotation angle α¯ have been detailedly discussed by many authors [13, 40]. In
this paper, we only focus on the anisotropic rotation δα(nˆ), which is determined by Eq.(5). For this study it is very
convenient to use the synchronous gauge, δϕ ≡ (δϕ)syn. As pointed out in [19], the CMB photons from all directions
experienced the last scatterings at some fixed temperature, and the perturbation δϕ on the surface of this constant
3CMB temperature determines the anisotropies of the rotation angle. In the synchronous gauge, the surface of constant
temperature is identical with that of constant time. So, except for the Appendix, in the main text of this paper, we
shall work in the synchronous gauge.
The rotation angle δα is treated as a two-dimensional spherical fluctuation field. We expand it via the spherical
harmonics as follows:
δα(nˆ) =
∑
ℓm
αℓmYℓm(nˆ), (6)
where αℓm are the coefficients of decomposition. If the perturbation field satisfies the Gaussian distribution, the
statistical properties are entirely described by the angular power spectrum, which is defined as
〈α∗ℓmαℓ′m′〉 = Cααℓ δℓℓ′δmm′ , (7)
where we have assumed statistical isotropy of αℓm. From Eq.(5), we find the angular power spectrum C
αα
ℓ for the
rotation angle is calculated by [15]
Cααℓ = 4π
(
β
M
)2 ∫
dk
k
Pδϕ(k)j
2
ℓ (k∆τ), (8)
where jl(x) is the spherical bessel function and ∆τ = τ0 − τdec, Pδϕ(k) is the power spectrum of perturbation δϕ at
the decoupling time, which is defined by 〈δϕ∗k(τdec)δϕk(τdec)〉 = 2π
2
k3 Pδϕ(k). In the next section, we shall calculate
the spectrum Pδϕ(k) in various models.
III. EVOLUTION OF SCALAR FIELD AND POWER SPECTRUM OF ANISOTROPIC ROTATION
We consider the spatially flat universe. In the synchronous gauge, the metric perturbation is given by the following
line element [21]
ds2 = a2(τ){−dτ2 + (δij + hij)dxidxj}. (9)
The scalar metric perturbations hij can be decomposed into a trace part h ≡ hii and traceless part h||ij , i.e. hij =
hδij/3 + h
||
ij . By definition, the divergence of h
||
ij is longitudinal, which follows that h
||
ij can be written in terms of a
scalar field µ as follows:
h
||
ij =
(
∂i∂j − 1
3
δij∇2
)
µ. (10)
So, the two scalar fields h and µ characterize the scalar modes of the metric perturbations. In general, we shall work
in the Fourier k-space. We introduce two fields h~k(τ) and η~k(τ) in k-space and write the scalar mode of hij as a
Fourier integral
hij(~x, τ) =
∫
d3kei
~k·~x
{
kˆikˆjh~k(τ) + (kˆikˆj −
1
3
δij)6η~k(τ)
}
. (11)
Since in this paper, we assume the statistical isotropy of the perturbations, so in the following discussions, h~k and η~k
can be simplified as hk and ηk, respectively.
Let us consider the scalar field ϕ in the Universe, which can be separated as the background part ϕ¯ and the
first-order perturbation δϕ, i.e. ϕ = ϕ¯+ δϕ. From the action (1) we have the equation of motion for ϕ,
✷ϕ+
dV
dϕ
= 0 , (12)
where we have neglected the small back reaction of photons from the Chern-Simons coupling. The equations for the
background part and the perturbations are obtained from the above Klein-Gordon equation directly,
ϕ¯′′ + 2Hϕ¯′ + a2Vϕ¯ = 0, (13)
δϕ′′ + 2Hδϕ′ −∇2δϕ+ a2Vϕ¯ϕ¯δϕ = −1
2
h′ϕ¯′, (14)
4where prime denotes d/dτ , H = a′/a, Vϕ¯ ≡ dV/dϕ¯ and Vϕ¯ϕ¯ ≡ d2V/dϕ¯2. In principle, the value of δϕ(τdec) can
be solved by using this equation, which depends on the evolution of the cosmic scalar factor a(τ), the perturbation
h(τ), the potential V (ϕ), and the background part of scalar field ϕ¯. In this paper, we shall consider two cases for the
cosmic scalar field. One is the massless scalar field, and the other is the case where the scalar field acts as the cosmic
quintessence, which drives the acceleration of the current Universe.
A. Massless scalar field
Similar to the previous works [18, 19, 22], in the first scenario, we consider the simple case where the scalar field ϕ
is supposed to be a massless scalar field with V (ϕ) ≡ 0. In this case, the evolution equations in Eqs.(13) and (14) are
simplified as follows,
ϕ¯′′k + 2Hϕ¯′k = 0, (15)
δϕ′′k + 2Hδϕ′k + k2δϕk = −
1
2
h′kϕ¯
′
k, (16)
where the evolution equations have been written in the Fourier space. Obviously, the solution of Eq.(15) is ϕ¯′k = 0,
which predicts no uniform rotation α¯. Inserting ϕ¯′k = 0 into Eq.(16), we find that
δϕ′′k + 2Hδϕ′k + k2δϕk = 0, (17)
the perturbation δϕ is decoupled from the metric perturbations and always corresponds to the entropy perturba-
tion. The solution of this equation can be formally written as δϕk(τ) = δϕk(τini)Tk(τ), where Tk(τ) is the transfer
function. The initial condition can be set at the beginning of the radiation-dominant stage, where δϕ′k(τini) = 0
and Pδϕ(k, τini) = H
2
I /(4π
2). HI is the Hubble parameter in the inflationary stage. Instead of using the analytic
approximation [18, 19], here we numerically solve the transfer function, and present Tk(τdec) as a function of k in
Fig.1. When kτdec ≪ 1, we have Tk(τdec) = 1. While kτdec ≫ 1, the transfer function begins to oscillate, and the
amplitude is damping with the expansion of the Universe.
Inserting δϕk(τdec) into Eq.(8), we can obtain the power spectrum of the rotation angle C
αα
ℓ . In the previous
works [22–24], the authors have considered the constraints on the fluctuation of the rotation angle from the CMB
observations. In addition, in [25], the authors constrained it by the active galactic nuclei data, and obtain the upper
limit of the variance of δα as follows
√〈(δα)2〉 . 3.7◦. In this paper, we shall consider it as the current observational
upper limit. In the massless scalar field case, it follows that combined constraint on the cosmological parameters β,
M and HI ,
βHI/M . 0.2. (18)
In Fig. 2, we plot the power spectrum Cααℓ for the cases with βHI/M = 0.2, 0.02, 0.002, respectively. We find that
the values of Cααℓ rapidly decrease for the high multipoles. So we anticipate the potential detection will mainly be in
the low multipole ℓ < 100. In this range, the rotation power spectrum can be written as,
ℓ(ℓ+ 1)Cααℓ = 40.56
(
βHI/M
0.2
)2
deg2. (19)
B. Quintessence
Now, let us consider the case, in which the scalar field is identified as the cosmological quintessence field. Different
from the massless scalar field case, the average rotation angle in this case can be fairly large, which has been realized for
a long time [12]. Here, we shall discuss in detail the anisotropies of the rotation angle. The evolution of δϕ is governed
by Eq. (14). Because what we will solve is the evolution of δϕ from the time well into the radiation dominated era to
the recombination which takes place at matter dominated epoch, the quintessence was subdominant during this period
and its contributions to the background and the metric perturbations are negligibly small. Analytically we may think
the metric perturbations are fixed by the dominant fluids and the back reaction from the quintessence can be neglected.
The solution to the full equation (14) has two origins, one is the general solution to the homogeneous equation and
another one is the special solution to the inhomogeneous equation. The former belongs to a two-parameter family
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FIG. 1: The transfer function Tk(τdec) as a function of wavenumber k.
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FIG. 2: The solid lines denote the rotation-angle power spectrum of the massless scalar field case with βHI/M = 0.2 (upper
black line), 0.02 (middle blue line), 0.002 (lower green line), respectively. The red dashed lines denotes the corresponding noise
power spectrum ℓ(ℓ+ 1)Nααℓ /(2π). The upper one is for the Planck noise case, the middle one is for the CMBPol noise case,
and the lower one is for the case of the reference experiment.
specified by the initial conditions δϕk and δϕ
′
k, and are unaffected by the perturbations of the metric and other species,
which corresponds to the entropy perturbation or entropy mode. The latter is sourced by the metric perturbation and
after enough long time it will be unrelated with the initial values of δϕk and δϕ
′
k, which is the adiabatic mode. This
is similar to the forced oscillator, which can oscillate with its intrinsic frequency only relying on the parameters of
the oscillator itself and with the same frequency with the external driving force if it is periodic. Generally the motion
of the forced oscillator is the superposition of these two modes. The solution to Eq. (14) is the superposition of the
6entropy mode and the adiabatic mode. In the previous works [19, 26], the authors have focused only on the adiabatic
mode of several special quintessence models. Different from them, in this paper, we shall analytically calculate and
discuss the general properties of both perturbations modes for the general quintessence models, and investigate the
rotation angle power spectrum and the detection possibilities.
1. Solution to the homogeneous equation: entropy mode
The homogeneous equation for δϕ
δϕ′′k + 2Hδϕ′k + (k2 + a2Vϕ¯ϕ¯)δϕk = 0, (20)
is slightly different from the equation (17) for the massless field due to the existence of the new term a2Vϕ¯ϕ¯ from the
potential. For the case in which k2 ≫ a2Vϕ¯ϕ¯ is satisfied throughout the evolution, this evolution equation returns
to that of massless scalar field in Eq.(17). The typical example of this case is the slow-rolling quintessence models,
where the kinematic energy is much smaller than the potential energy, and the equation-of-state of quintessence is
very close to −1. As in general,the slow-rolling parameter η can be defined as follows
η ≡ 1
8πG
Vϕ¯ϕ¯
V
, (21)
which is much smaller than 1 in the slow-rolling stage. So we have a2Vϕ¯ϕ¯ = 4πGa
2(1 − w)ρϕη. For the slow-rolling
quintessence field, w ≃ −1 and ρϕ nearly keeps constant, so we have
a2Vϕ¯ϕ¯ ≃ 3a2ηΩϕH20 ≪ H20 , (22)
where Ωϕ is the current energy density parameter of quintessence component, andH0 is the present Hubble parameter,
a is the scale factor of the Universe, which is normalized as a0 = 1. We should remember that, for the frequency modes
of perturbation δϕ, which can lead to the observable cosmological birefringence, should satisfy k2 ≥ H20 , i.e. reentered
the horizon in the present stage. So we conclude that for the slow-rolling quintessence field, we have k2 ≫ a2Vϕ¯ϕ¯,
and the homogeneous solution of the evolution equation returns to the case of massless scalar field.
Now, let us evaluate the amplitude the power spectrum for the entropy perturbation. The initial conditions
are assumed to be the same with the massless field, i.e., δϕ′k(τini) = 0 and Pδϕ(k, τini) = H
2
I /(4π
2). This is
reasonable if the quintessence has been existed during inflation and was effectively massless. From the previous
subsection, we know that the main power spectra are at the low multipoles ℓ . 100. And in this range, we have
ℓ(ℓ + 1)Cααℓ = 40.56(
βHI/M
0.2 )
2 deg2. The inflationary Hubble parameter HI relates the tensor-to-scalar ratio by
H2I = 1.2× 10−8r (Note that, in this paper, we have set the reduced Planck mass Mpl = 1.). The tightest constraint
r < 0.11 [27], obtained from the Planck observations, follows that H2I . 10
−9. On the other hand, in the quintessence
models, the uniform rotation α¯ is also predicted as we have mentioned, and its values is determined by Eq.(4), where
the value of (ϕ¯(τ0)− ϕ¯(τdec)) ≃ ϕ¯(τ0) is always close to the Planck mass, and the current constraint of α¯ is |α¯| . O(1◦)
[14]. So we have (β/M)2 . O(10−3). Combining all these results, we find that the amplitude of the power spectrum
in the low multipoles are ℓ(ℓ+ 1)Cααℓ . 10
−10 deg2, which is too small to be detectable.
Now, let us turn to the general quintessence models. We can express the second derivations of the potential in
terms of the equation-of-state of quintessence w as follows [28]
a2Vϕ¯ϕ¯ = −3
2
(1 − w)
[
a′′
a
−H2
(
7
2
+
3
2
w
)]
+
1
1 + w
[
w′2
4(1 + w)
− w
′′
2
+ w′H(3w + 2)
]
. (23)
We assume the time evolution of w is small, and w 9 −1 (i.e. 1 + w = O(1)) before the decoupling stage. For these
models, in both radiation-dominant and matter-dominant stages, we have that
a2Vϕ¯ϕ¯ ≃ 3H
2
4
(1− w) (7 + 3w) . (24)
And its value is proportional to τ−2. So for any given wavenumber k, we always have a2Vϕϕ > k2 in some early stage.
Thus, the homogeneous equation can be simplified as
δϕ′′k + 2Hδϕ′k + a2Vϕϕδϕk = 0. (25)
In the radiation-dominant stage, the solution is δϕk ∝ τ 12 (−1±
√
1−4d), where d ≡ 32 (1 − w)(7 + 3w). Similarly, in the
matter-dominant stage, the solution is δϕk ∝ τ 12 (−3±
√
9−4d). In both cases, we find the solutions are decaying for
any −1 < w < 1, which follow that δϕk(τdec)→ 0, i.e. the homogeneous solutions for these models decayed to zero.
These have also been numerically checked for the special cases with constant equation-of-state w.
72. Solution to the full equation: mix of entropy and adiabatic modes
In this case, one should solve the inhomogeneous equation in Eq.(14). In the k-space, it is written as
δϕ′′k + 2Hδϕ′k + (k2 + a2Vϕ¯ϕ¯)δϕk = −
1
2
h′kϕ¯
′. (26)
The source term − 12h′kϕ¯′k plays a crucial role for the evolution of δϕk, which depends on both the metric perturbation
hk and the background evolution of the quintessence ϕ¯. The evolution of ϕ¯ is governed by the equation
ϕ¯′′ + 2Hϕ¯′ + a2Vϕ¯ = 0. (27)
Both equations depends on the dark energy models by the potential function V (ϕ). The adiabatic mode corresponds
to the special solution the Eq. (26). As showed in Appendix A, in the synchronous gauge the adiabatic mode δϕk in
the radiation and matter dominated eras nearly vanish at the super-horizon scales as long as the quintessence energy
density is extremely small. This can be understood as follows. For the adiabatic perturbation, at large scales any two
scalars such as the ϕ and the temperature T of CMB have the relation δϕ/ϕ′ = δT/T ′. In the synchronous gauge,
as we mentioned previously, the surface τ = const. is identical with the surface δT = 0, it is also identical with the
surface δϕ = 0 for the adiabatic perturbation. In the real case the quintessence density is not zero, as we shall do in
the numerical computations, there should be a small adiabatic mode. In the previous works [19, 26], the authors have
discussed two special quintessence models, i.e., the pseudoscalar-Nambu-Goldstone potential in [19] and the typical
exponential potentials and power-law potentials [26], and found that under the initial adiabatic conditions (no entropy
perturbations δϕk(τini) = 0) the adiabatic mode in all these models are very small, and beyond the detection abilities
of the potential observations. Different from them, we shall consider nonzero initial perturbation and attributed its
origin from inflation as we assumed in the previous subsection. The solution includes both the entropy mode and
the small adiabatic mode. We will consider a large class of quintessence models, whose equation-of-state can be
parameterized as the standard Chevallier-Polarski-Linder form [29],
w(a) = w0 + wa(1− a), (28)
where w0 is the present equation-of-state of quintessence, which is close to −1 from the current observations. In our
calculations, we choose w0 = −0.99. wa describes the evolution of w. In the early Universe, especially in the stage
before the CMB decoupling, we have a→ 0, and w = w0 + wa. Note that, this parameterized form can approximate
well a large of dark energy models, including the tracking and the thawing quintessence models, and has been widely
used in the dark energy studies. For the parameterized quintessence models, the second derivations of the potential
can be written as in Eq.(23), and the first derivations is written as [28]
a2Vϕ¯ = −1
2
(
3H(1− w) + w
′
1 + w
)
ϕ¯′. (29)
Considering all these relations, in Appendix A, we numerically solve the equation of δϕk, and obtain the power
spectrum of the rotation angle, which are presented in Fig.3. In this figure, we have shown the cases with wa = 0,
0.49, 0.79, 0.99. In the early Universe, these correspond to the equation-of-state of quintessence w = −0.99, −0.5,
−0.2, 0, respectively. The first case can be identified as a typical slow-rolling dark energy model. While, the last
case is similar to the tacker field, which tracked the dark matter component in the early Universe [30]. Note that, if
wa > 0.99, i.e. w > 0 in the early stage, the quintessence component would dominate all the other components in
some early stage, which may be conflicted with the observations. So we do not consider them in this paper.
From this figure, we find that, in all these cases, the power spectra Cααℓ are too small to be detectable. In particular,
for the slow-rolling case with wa = 0, we have that (M/β)
2ℓ(ℓ + 1)Cααℓ /2π ≪ 10−16deg2. Even if in the optimal
case with wa = 0.99, i.e., the dark-matter-tacking field, we have (M/β)
2ℓ(ℓ + 1)Cααℓ /2π ≪ 10−6deg2. Note that the
constraint of the parameter (β/M)2 . O(10−3), which has been mentioned above. Considering this constraint, we
get that ℓ(ℓ+1)Cααℓ ≪ 10−20deg2 for the slow-rolling case, and ℓ(ℓ+1)Cααℓ ≪ 10−10deg2 for the dark-matter-tacking
case. These are all too small to be detectable, which are consistent with the results in previous works [19, 26].
IV. DETECTION OF THE ROTATION ANGLE FLUCTUATIONS
The CMB polarization pattern can be decomposed into a gradient E-mode and a curl B-mode component. In
general, we can expand it in terms of spin-weighted harmonics function as follows,
(Q± iU)(nˆ) =
∑
ℓm
a±2,ℓm ±2Yℓm(nˆ). (30)
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FIG. 3: The rotation-angle power spectrum of the quintessence models. In all the cases, we have assumed the parameterized
dark energy model with w = w0 + wa(1− a) and w0 = −0.99. The curves from bottom to top, we have considered wa = 0.0,
0.49, 0.79, 0.99, respectively.
Then, the coefficients for the E-mode and B-mode polarizations can be constructed by
Eℓm = −1
2
(a2,ℓm + a−2,ℓm), Bℓm = − 1
2i
(a2,ℓm − a−2,ℓm). (31)
In the absence of the cosmological birefringence and cosmic weak lensing, these two kinds of modes are independent,
and satisfy the Gaussian distribution. In particular, the B-mode can only be generated by the relic gravitational
waves [6], which is proved to be much smaller than the E-mode component. In order to simplify the problem, in
this section, we assume the primordial B-mode is zero in the last scattering surface (LSS). When the CMB photons
propagate from the LSS to us, due to the Chern-Simons term in Eq.(1), the polarization plane of CMB is rotated,
which induces the mixture the these two modes. The rotation-induced E-mode and B-mode are given by [15–17]
δEℓm = 2i
∑
ℓ2m2
∑
ℓ3m3
αℓ2m2Eℓ3m3ξ
ℓ2m2
ℓmℓ3m3
Hℓ2ℓℓ3 , δBℓm = 2
∑
ℓ2m2
∑
ℓ3m3
αℓ2m2Eℓ3m3ξ
ℓ2m2
ℓmℓ3m3
Hℓ2ℓℓ3 , (32)
where, the functions ξℓ2m2ℓmℓ3m3 and H
ℓ2
ℓℓ3
are defined by
ξℓ2m2ℓmℓ3m3 ≡ (−1)m
√
(2ℓ+ 1)(2ℓ2 + 1)(2ℓ3 + 1)
4π
(
ℓ ℓ2 ℓ3
−m m2 m3
)
, Hℓ2ℓℓ3 ≡
(
ℓ ℓ2 ℓ3
2 0 −2
)
. (33)
Note that, for δEℓm, the only nonzero terms in the sum are those that satisfy ℓ+ ℓ2 + ℓ3 =even, while for δBℓm, the
nonzero terms are those that satisfy ℓ+ ℓ2 + ℓ3 =odd. In principle, from Eq.(32) and considering all the observation
channels EB, TB, EE, TE, one can construct the best unbiased estimator for the rotation angle coefficients αˆℓm as
follows [16–18],
αˆℓm = N
αα
ℓ
∑
ℓ3≥ℓ2
∑
AA′
Gℓℓ2ℓ3F
ℓ,A′
ℓ2ℓ3
Dˆℓm,mapℓ2ℓ3 [(Cℓ2ℓ3)−1]AA′ , (34)
where the noise power spectrum is given by
Nααℓ =

 ∑
ℓ3≥ℓ2
∑
AA′
Gℓℓ2ℓ3F
ℓ,A
ℓ2ℓ3
F ℓ,A
′
ℓ2ℓ3
[(Cℓ2ℓ3)−1]AA′


−1
. (35)
9In these expressions, the AA′ sums are over {EB,BE, TB,BT,EE, TE,ET } for ℓ2 6= ℓ3 and {EB, TB,EE, TE}
for ℓ2 = ℓ3. The corresponding functions are defined as: G
ℓ
ℓ2ℓ3
≡ (2ℓ2 + 1)(2ℓ3 + 1)/4π, Dˆℓm,XX
′,map
ℓ2ℓ3
=
(Gℓℓ2ℓ3)
−1∑
m2m3
Xmapℓ2m2X
′map,
ℓ3m3
∗
ξℓmℓ2m2ℓ3m3 , Cℓ2ℓ3AA′ ≡ Gℓℓ2ℓ3(〈Dˆ
ℓm,A,map
ℓ2ℓ3
Dˆℓm,A
′,map
ℓ2ℓ3
〉 − 〈Dˆℓm,A,mapℓ2ℓ3 〉〈Dˆ
ℓm,A′,map
ℓ2ℓ3
〉) and
F ℓ,Aℓ2ℓ3 ≡ 2ZAℓ2ℓ3Hℓℓ2ℓ3Wℓ2Wℓ3 . Note that, in these formulae, the spectrum C
XX′,map
ℓ is given by C
XX′,map
ℓ ≡
CXX
′
ℓ W
2
ℓ + N
XX′,noise
ℓ , where C
XX′
ℓ is the rotated CMB power spectrum, Wℓ is the beam window function of the
CMB experiment, and NXX
′,noise
ℓ is the instrumental noise spectrum.
In reality, the CMB field at the LSS is an isotropic field, which satisfies the Gaussian distribution. For a given
multipole number ℓ, the m components are statistically independent. So the best unbiased estimator for the angle
rotation power spectrum Cααℓ is Cˆ
αα
ℓ =
1
2ℓ+1
∑
m |αˆℓm|2, and the corresponding variance is approximated by
∆Cˆααℓ =
√
2
(2ℓ+ 1)fsky
(Cααℓ +N
αα
ℓ ), (36)
where the term Cααℓ stands for the cosmic variance, which is quite important for the high-level detections, but has
been ignored in the work [19]. Note that, the noise power spectrum Nααℓ also depends on C
αα
ℓ through its definition
in Eq.(35). Same with our previous work [40], in this paper, we consider the detection abilities of the Planck satellite,
CMBPol mission, and a ‘reference’ experiment. For the Planck satellite, we consider the best frequency at 143GHz
[31]. For this channel, the beam Full width at half maximum (FWHM) is θFWHM = 7.1
′. By 28-month observation,
the instrumental noises are expected to be NBBℓ = N
EE
ℓ = 2N
TT
ℓ = 2.79 × 10−4µK2 [31, 32], and sky-cut factor is
adopted as fsky = 0.65. For the potential CMBPol mission, we consider the channel at 150GHz [33], where beam
FWHM is 5′, the instrumental noises are NBBℓ = N
EE
ℓ = 2N
TT
ℓ = 0.83 × 10−6µK2 [33, 34], and sky-cut factor is
fsky = 0.8. In this paper, a reference experiment is considered as the far-future detector. We assume the detector noise
∆P =
√
2∆T = 1µK-arcmin (corresponding the noise power spectrum N
BB
ℓ = N
EE
ℓ = 2N
TT
ℓ = 0.85 × 10−7µK2),
beam FWHM θFWHM = 1
′ and the sky-cut factor fsky = 1. In Fig.2, we plot the rotation noise power spectra Nααℓ
with red dash-dotted lines. This figure shows that the detection of the angle power spectrum mainly depends on the
lower multipoles. Note that, for the demonstration, in this figure we have assumed the parameter βHI/M = 0 in the
fiducial model.
In order to quantify the detection ability, as in general, we define the signal-to-noise ratio as follows,
S/N =
√√√√∑
ℓ
(
Cααℓ
∆Cˆααℓ
)2
. (37)
In Fig. 4, we present the S/N for all three cases. It shows that, if βHI/M = 0.2, which is the current upper
limit value, Planck can definitely detect it, and the expected signal-to-noise ratio is S/N = 14. In addition, we find
that as long as βHI/M > 0.024, Planck will detect it at more than 2σ level. For the potential CMBPol mission
and the reference experiment, the detection abilities are much stronger. We find that, to get S/N > 2, we only
need βHI/M > 7.2 × 10−4 for CMBPol, and βHI/M > 1.8 × 10−4 for the reference experiment. So, we conclude
that the future CMB observations will provide the excellent opportunity to detect the anisotropy of the cosmological
birefringence.
V. ROTATED B-MODE POLARIZATION AND THE DE-ROTATING
As the main task of this paper, in this section, we shall focus on the B-mode polarization generated by the
cosmological birefringence. To simply the problem, same to Sec. IV, we assume that the primordial (unrotated)
B-mode polarization at the LSS is zero. By using the second formula in Eq.(32), we get the rotated B-mode power
spectrum [15]
CBBℓ =
1
π
∑
ℓ2ℓ3
(2ℓ2 + 1)(2ℓ3 + 1)C
αα
ℓ2 C
EE
ℓ3 (H
ℓ2
ℓℓ3
)2. (38)
In Fig.5, we plot the spectrum CBBℓ for the cases with βHI/M = 0.2, 0.02, 0.002, respectively. In addition, in this
figure, the B-mode power spectrum generated by relic gravitational waves and the cosmic weak lensing are also plotted
for the comparison. We find that, for the optimal case with βHI/M = 0.2, in all the multipole ranges, the rotated
BB spectrum is compared, or even larger than, those caused relic gravitational waves and cosmic weak lensing, which
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FIG. 4: The signal-to-noise ratio S/N as a function of the parameter βHI/M . The solid line is for the Planck noise case, the
dashed line is for the CMBPol noise case, and the dash-dotted one is for the case of the reference experiment.
definitely contaminates the gravitational-wave detection in the CMB. So, it is important to remove them in the future
observations.
In the discussion in Sec. IV, we know that the rotation angle fluctuations can be recovered by the CMB observations.
By using these reconstructions, similar to the de-lensing of CMB B-mode caused by the cosmic weak shear in [35, 36],
we can de-rotating the the rotated B-mode power spectrum as well. To preform de-rotating, we can construct the
estimator Bˆℓm for the rotated B-mode by utilizing the estimators αˆℓm (defined in Eq.(34)) and those of the noisy
E-mode coefficients Eˆℓm, which can be written in the most general form as follows,
Bˆℓm =
∑
ℓ2m2
∑
ℓ3m3
f(ℓ,m, ℓ2,m2, ℓ3,m3)αˆℓ2m2Eˆℓ3m3 . (39)
Note that the variances of αˆℓm and Eˆℓm are given by 〈αˆℓmαˆ∗ℓm〉 = Cααℓ +Nααℓ , 〈EˆℓmEˆ∗ℓm〉 = CEEℓ +NEEℓ W−2ℓ . The
coefficients f are some general functions for ℓ,m, ℓ2,m2, ℓ3 and m3. Thus, the residual power spectrum of the B-mode
polarization is CBBℓ (residual) = 〈(Bℓm − Bˆℓm)(B∗ℓm − Bˆ∗ℓm)〉. We minimize the residual power spectrum, and the
coefficients f are determined as follows,
f(ℓ,m, ℓ2,m2, ℓ3,m3) = 2ξ
ℓ2m2
ℓmℓ3m3
Hℓ2ℓℓ3Θℓ2ℓ3 , (40)
where
Θℓ2ℓ3 ≡
Cααℓ2
Cααℓ2 +N
αα
ℓ2
CEEℓ3
CEEℓ3 +N
EE
ℓ3
W−2ℓ
. (41)
The corresponding residual B-mode power spectrum is
CBBℓ (residual) =
1
π
∑
ℓ2ℓ3
(2ℓ2 + 1)(2ℓ3 + 1)C
αα
ℓ2 C
EE
ℓ3 (H
ℓ2
ℓℓ3
)2 (1−Θℓ2ℓ3) . (42)
As one can anticipate, for the ideal case, in which both noise terms Nααℓ and N
EE
ℓ are absent, we have Θℓ2ℓ3 = 1,
and CBBℓ (residual) = 0, i.e., the rotated B-mode can be completely reconstructed. In Fig.6, we plot the residual BB
power spectrum for the models with βHI/M = 0.2 (the upper limit case) and βHI/M = 0.002. In the calculations,
we have considered the cases with Planck noises (dashed lines), CMBPol noises (dash-dotted lines) and the reference
experiment noises (dotted lines), respectively. For the Planck noise case, the de-rotating can only significantly reduce
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FIG. 5: The black solid lines show the rotated B-mode power spectrum. From the upper one to the lower one, we have adopted
βHI/M = 0.2, 0.02, 0.002, respectively. The blue dashed lines denote the B-mode power spectra generated by primordial
gravitational waves with r = 0.1 (upper), 0.01 (middle), r = 0.001 (lower). The red curve denotes the B-mode power spectrum
generated by cosmic weak lensing.
the B-mode spectrum at the low multipoles if βHI/M is large. However, for the reference experiment case, we find
that the amplitudes of the B-mode power spectrum in the all multipole ranges can be reduced by more than two order
for the model with βHI/M = 0.2, and more than one order for the model with βHI/M = 0.002. It is interesting to
compare these residuals with BB power spectrum caused by cosmic weak lensing. From Fig.6, we find that, as long
as the de-rotating can be done by considering the noise level of CMBPol mission or a better experiment, the residuals
of cosmological birefringence are much smaller than those of cosmic weak lensing.
The B-mode power spectrum caused by the cosmological birefringence forms a new contamination for the detection
of relic gravitational waves in the CMB. Now, let us investigate whether or not the new contamination can significantly
influence the gravitational-wave detection. To quantify it, we define the signal-to-noise ratio for the gravitational waves
[37] (S/N)gw ≡ r/∆r, where r is the tensor-to-scalar ratio, which characterizes the amplitude of relic gravitational
waves, and ∆r is the observational uncertainty of r. For the detection with the CMB B-mode informational channel,
the SNR can be calculated by [37]
(S/N)gw =
√√√√∑
ℓ
(
CBBℓ,gw
∆CˆBBℓ,gw
)2
, (43)
where CBBℓ,gw are the B-mode spectrum generated by the gravitational waves, and ∆Cˆ
BB
ℓ,gw are the corresponding uncer-
tainties of the estimators, which can be evaluated by ∆CˆBBℓ,gw =
√
2
(2ℓ+1)fsky
(CBBℓ,gw+N
BB
ℓ ). In order to focus on the in-
fluence of the cosmological birefringence, we assume fsky = 1, and the noise power spectrum is N
BB
ℓ = C
BB
ℓ (residual),
i.e., we only consider the residual B-mode caused by the the cosmological birefringence as the contaminations.
Setting (S/N)gw > 2, i.e., the gravitational waves can be detected at more 2σ level, we solve the lower limit for
the tensor-to-scalar ratio rmin. In Fig.7, we plot the values of rmin for the models with different parameter values
βHI/M . We find that, without de-rotating, rmin = 1.9× 10−3 for the model with βHI/M = 0.2, which indicates that
the gravitational-wave detection can be significantly limited by the cosmological birefringence, if the rotated B-mode
polarization has not been properly reduced. However, if we de-rotate it by considering the CMBPol mission, the
noises can be greatly reduced, and the limit of r reduces to rmin = 6.2× 10−6, which corresponds the energy scale of
inflation Vmin = 1.7× 1015GeV. These limits could be even lower as rmin = 3.1× 10−6 and Vmin = 1.4× 1015GeV, if
the de-rotating is proceeded by considering the noise level of the reference experiment. Here, we should mention that,
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FIG. 6: The residual B-mode power spectrum after the de-rotating. The black lines denote the results for the case with
βHI/M = 0.2, and the blue lines denote those for the case with βHI/M = 0.002. In each case, the solid line shows the spectrum
without de-rotating, the dashed line shows the residual spectrum after rotating, in which Planck noises are considered, the
dash-dotted line shows that for the CMBPol noise case, and the dotted line shows that for the case of the reference experiment.
The red curve shows the original (upper line) and the de-lensed (lower line) BB power spectra caused by the cosmic weak
lensing.
if only considering the B-mode caused by the residual cosmic weak lensing as the contamination, the detection limit
of the gravitational waves is rmin = 1.5 × 10−5 [35–37], which has been presented with red dashed line in Fig.7. So,
consistent with the results in Fig.6, we conclude that, comparing with the residual cosmic weak lensing, the residual
cosmological birefringence fluctuations cannot form a significant pollution for the detection of relic gravitational waves,
which can be safely ignored in the future detections.
VI. CONCLUSIONS
The detection of relic gravitational waves through the CMB B-mode polarization is rightly considered a highest
priority task for the future observational missions. In addition to the contaminations and noises in the observations,
in the real Universe, the primordial B-mode was also polluted by some other cosmological effects. One of them is
the cosmological birefringence, which can be caused by the possible coupling between CMB photons and the cosmic
scalar field through the Chern-Simons term. The cosmological birefringence rotates the polarization planes of CMB
photons, and mixes the E-type and B-type polarizations. Due to the perturbations of the scale field, the fluctuations
of the rotation angle naturally exist.
In this paper, we studied the fluctuations of cosmological birefringence in various scalar-field models. By detailed
discussing both entropy and adiabatic perturbation modes for the first time, we find that, if the cosmic scalar field is
identified with the quintessence component, the fluctuations of the rotation angle are always too small, and beyond
the detection abilities of future detectors. However, if the scalar field is a massless field, consistent with the previous
works, we find that the fluctuation power spectrum could be fairly large and detectable for the potential observations,
although the uniform rotation angle is absent in this case.
As the main task of this paper, the B-mode polarization caused by the rotation angle fluctuations are also studied
in details. We found that, the converted B-mode polarizations could be comparable with (or even larger than) those
generated by the primordial gravitational wave or those caused by the cosmic weak lensing. However, this B-mode
can be well reconstructed and subtracted at the very high level. In this paper, we proposed the method to de-rotate
the B-mode polarization by utilizing the statistical properties of the coefficients αℓm and Eℓm. We found that, if the
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FIG. 7: The detection limits of the tensor-to-scalar ratio r if only considering the B-mode power spectrum generated by
cosmological birefringence as the contaminations. The black solid line shows the results for the case without de-rotating. The
black dashed line shows that for residual B-mode as the contaminations where the de-rotating is performed by considering the
Planck noise. The black dash-dotted line and dotted line are exactly same with the dashed line, but the CMBPol noises and
reference experiment noises are considered, respectively. For comparison, we have also plotted the detection limits of r if only
considering the B-mode generated by cosmic weak lensing (red solid line) and residual weak lensing (red dashed line) as the
contaminations.
de-rotating is done by considering the noise level of CMBPol mission or the better experiment, the B-mode residuals
become much smaller than those caused by weak lensing, which is entirely negligible for the future gravitational-wave
detections.
Note: In the same day of the submission of the paper, BICEP2 [38] released its data which indicates a discovery
of the primordial gravitational waves with r = 0.20+0.07−0.05 and r = 0 disfavored at 7.0σ, which confirmed the hint of
gravitational waves in the WMAP and Planck low-multipole data [39, 40].
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Appendix A: Numerical calculation of the perturbation δϕk
The anisotropies of cosmological birefringence is determined by the synchronous-gauge scalar-field fluctuation
(δϕ)syn at the decoupling stage [15, 19]. To obtain this fluctuation, we start from the initial condition from inflation,
and then evolve the scalar field perturbation equation of motion forward in time, from early radiation-dominated
epoch to the decoupling time. In order to use the analytical approximations for the cosmological perturbations, which
are shown in Appendix B, we shall start in the conformal Newtonian gauge, and then transfer the results to the
synchronous gauge. In the conformal Newtonian gauge, the perturbations are characterized by two scalar potentials
Ψ and Φ. The line element is written as
ds2 = a2(τ)
{−(1 + 2Ψ)dτ2 + (1 − 2Φ)dxidxi} . (A1)
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In this gauge, the equation of motion is,
δϕnk
′′ + 2Hδϕnk′ + a2Vϕ¯ϕ¯δϕnk + k2δϕnk = ϕ¯′(3Φ′k +Ψ′k)− 2a2Vϕ¯Ψk. (A2)
Note that, the perturbation δϕnk here denotes the quantity in the conformal Newtonian gauge, i.e., δϕ
n
k ≡
(δϕk)newtonian, which relates to the corresponding quantity in the synchronous gauge by the following formula [21]
(δϕk)syn = δϕ
n
k − γkϕ¯′, (A3)
where γk is determined by the equation γ
′
k + Hγk = Ψk and γk = (1/2)Ψk/H in the radiation domination and
γk ≃ (2/3)Ψk/H in the matter domination. Now let us search the adiabatic mode. Before the exactly numerical
calculations, we first neglect the effects of anisotropic stress, and study the general properties of the solution. In this
case, we have Φk = Ψk, and Eq. (A2) can be rewritten as [41]
ζ′ϕ = −
θnϕ
3
− [ w
′
1 + w
+ 3H(1− w)](ζϕ +Ψk + H
k2
θnϕ) ,
θ′nϕ = 2Hθϕ + k2(3ζϕ + 4Ψk) , (A4)
where ζϕ = −Ψk −Hδρϕ/ρ′ϕ is the curvature perturbation of the surface of homogeneous quintessence density, and θ
corresponds to the momentum perturbation (the definition see [21]), for the scalar field θnϕ = k
2δϕnk/ϕ
′. The curvature
perturbation is gauge invariant, but θ is not. The metric perturbations at large scales are determined by the dominant
fluid,
Ψk ≃ −ζf − H
k2
θnf , (A5)
where the subscript f represents the dominant fluid, radiation or matter. The solution is
ζf = − 5 + 3wf
3(1 + wf )
Ψk = constant ,
θnf =
2k2
3
Ψk
H(1 + wf ) . (A6)
For constant wf , the reduced Hubble parameter is H = 2/[(1 + 3wf )τ ]. It is easy to see from these equations that
there is a special solution to the equation (A2) or equivalently the equations (A4), which is at large scales kτ ≪ 1
(please note that numerically θn ∼ O(k2)ζ) approximately:
ζϕ = ζf , θ
n
ϕ = θ
n
f . (A7)
These are the usual adiabatic condition, so we called this special solution the adiabatic mode (we assume there is
no dark matter entropy perturbation, hence ζm = ζr). With these formula one can check that when converting to
the synchronous gauge in terms of Eq. (A3), (δϕk)syn vanishes at both the radiation and matter dominated epoches.
In reality, some neglected quantities in above analysis such as the density of quintessence and the anisotropic stress
do not vanish, (δϕk)syn in the adiabatic mode should be small but not zero. These are included in the numerical
computations.
In the real calculation, we shall solve Eq.(A2), where the terms a2Vϕ¯ and a
2Vϕ¯ϕ¯ can be calculated by using the
relations in Eqs.(29) and (23), respectively. The background component of quintessence is govern by the motion of
equation in Eq.(27). The initial condition of this equation is determined by the current quintessence energy density
and the equation of state: Ωquint = 0.685, w = w0 + wa(1 − a). The other cosmological parameters are adopted as
follows [27] Ωc = 0.266, Ωb = 0.0487, h = 0.673, τreion = 0.089, ns = 0.9603, ln(10
10As) = 3.089. For the cosmological
perturbations Ψk and Φk, we adopt the analytical approximations (see Appendix B), which are excellently consistent
with the exact numerical results [42].
Thus, we can numerically solve Eq.(A2). The initial conditions are set at the beginning of radiation-dominant
stage, where δϕnk
′ = 0 and Pδϕn(k, τini) = H2I /(4π
2). For the quintessence models with given w0 and wa, we calculate
(δϕk)syn, and substitute into Eq.(8) to obtain the power spectrum C
αα
ℓ . The results are presented in Fig.3.
Appendix B: Analytical approximations of the cosmological perturbations
In this section, we simply summarize the analytical approximation of the cosmological perturbations, which have
been used in Appendix A. The details of these results can be found in the previous work [42].
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In both radiation-dominant and matter-dominant stages, the perturbations in the conformal Newtonian gauge can
be approximated as follows,
Φk(ah) = Φ¯k(ah)
{
[1− Tf(k)] exp[−α1(ahk/keq)β ] + Tf (k)
}
, (B1)
Ψk(ah) = Ψ¯k(ah)
{
[1− Tf (k)] exp[−α2(ahk/keq)β ] + Tf(k)
}
, (B2)
where α1 = 0.11, α2 = 0.097, β = 1.6, keq = (2Ω0H
2
0a0)
1/2. ah is the scale factor, which has been normalized at the
matter-radiation equality time. The transfer function is given by
Tf (k) =
ln(1 + 2.34q)
2.34q
[
1 + 3.89q + (14.1q)2 + (5.46q)3 + (6.71q)4
]−1/4
, (B3)
where q ≡ k
Ω0h2e−2Ωb
. The initial conditions are given by
Φ¯k(ah) =
3
4
(
keq
k
)2
ah + 1
a2h
[
1 +
2
5
fν(1− 0.333 ah
ah + 1
)
]
AUG(ah), (B4)
and
Ψ¯k(ah) = −3
4
(
keq
k
)2
ah + 1
a2h
{[
1 +
2
5
fν(1− 0.333 ah
ah + 1
)
]
AUG(ah) +
8
5
fν
N¯2(ah) cos(0.5k/Ha)
ah + 1
}
, (B5)
where the Hubble parameter is H(ah) =
a′
h
ah
ah0
ah
, and the fraction of neutrino is fν = 0.405. The functions UG and N¯2
are given by
UG(ah) =
[
a3h +
2
9
a2h −
8
9
ah − 16
9
+
16
9
√
ah + 1
]
1
ah(ah + 1)
, (B6)
N¯2(ah) = − 1
10
20ah + 19
3ah + 4
AUG − 8
3
ah
3ah + 4
A+
8
9
ln
(
3ah + 4
4
)
A. (B7)
The parameter A is determined by the power spectrum of primordial density perturbations, which is
Ps(k) =
k3Φ2k(τini)
2π2
(
1.5 + 0.4fν
1 + 0.4fν
)2
= As(k/k0)
ns−1, (B8)
where Φk(τini) =
5
6 (1 + 0.4fν)(keq/k)
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